Structure of infinitely divisible 
semimartingales 



Andreas Basse-O'Connor^ and Jan Rosinski-'- 
Aarhus University and University of Tennessee 
'''E-mail: basse@imf.au.dk -fE-mail: rosinski@math.utk.edu 

September 12, 2012 

Abstract 

This paper gives a complete characterization of infinitely divisible 
semimartingales, i.e., semimartingales whose finite dimensional dis- 
tributions are infinitely divisible. An explicit and essentially unique 
decomposition of such semimartingales is obtained. A new approach, 
combining series decompositions of infinitely divisible processes with 
detailed analysis of their jumps, is presented. As an ilustration of the 
main result, the semimartingale property is explicitely determined for 
a large class of stationary increment processes and several examples 
of processes of interest are considered. These results extend Strieker's 
theorem characterizing Gaussian semimartingales and Knight's theo- 
rem describing Gaussian moving average semimartingales, in particu- 
lar. 
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1 Introduction 

Semimartingales play a crucial role in stochastic analysis as they form the 
class of good integrators for the Ito type stochastic integral, cf. the Bichteler- 
Dellacherie Theorem [lo| , see also Beiglbock et al. @ fo^ a direct proof. Semi- 
martingales also play a fundamental role in mathematical finance. Roughly 
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speaking, the (discounted) asset price process must be a semimartingale in 
order to preclude arbitrage opportunities, see Beiglbock et al. js]. Theorems 



1.4, 1.6] for details, see also 20|. The question whether a given process is 
a semimartingale is also of importance in stochastic modeling, where long 
memory processes with possible jumps and high volatility are considered as 
driving processes for stochastic differential equations. Examples of such pro- 
cesses include various fractional, or more generally, Volterra processes driven 
by Levy processes. 

The problem of identifying semimartingales within given classes of stochas- 
tic processes has a long history. In the context of Gaussian processes, it was 



intensively studied in 1980s. Gal'chuk [16| investigated Gaussian semimartin- 



gales addressing a question posed by Prof. A.N. Shiryayev. Key results on 
Gaussian semimartingales are due to Jain and Monrad (isl . Theorem 1.8] 
and Strieke r l28l. Theoreme 1], see also Liptser and Shiryayev (iil . Ch. 4.9] 
and flii H. Il6|. A particularly interesting result is due to Knight (2l[ . 
Theorem 6.5]: Let X = {Xt)t>o be a Gaussian moving average of the form 



J — oo 



where {Wt)t^-^ is a Brownian motion and 0: R — )■ R is a Lebesgue square 
integrable deterministic function vanishing on the negative axis. Then X 
is a semimartingale with respect to the filtration (^j^)t>o if and only if (f) 
is absolutely continuous on R+ with a square integrable derivative. Then, 
X can be decomposed uniquely into a Brownian motion and a predictable 
process of finite variation. Extensions of Knight's result were given by Jeulin 



and Yor [19], see also [131, ll2|, [ll, |5|. 

The class of infinitely divisible processes is a natural extension of the class 
of Gaussian processes. A process X = {Xt)t>Q is said to be infinitely divisible 
if its all finite dimensional distributions are infinitely divisible. This work is 
aimed to determine the structure of infinitely divisible semimartingales. 

Recall that a semimartingale X = {Xt)t>Oi by definition, admits a de- 
composition 

Xt = Xo + Mt + Au t>0, (1.1) 

where M = {Mt)t>Q is a local martingale and A = {At)t>Q is a process of finite 
variation. The problem of identifying infinitely divisible semimartingales can 
be divided into two questions for an infinitely divisible process X = {Xt)t>o'- 

Ql. Assuming that X is a semimartingale, what is the structure of the 
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processes M and A in its decomposition fll.ip ? In particular, do they 
have to be infinitely divisible? 



Q2. How to verify whether or not a given infinitely divisible process X is a 
semimartingale? 

The family of infinitely divisible processes constitutes a huge class, so we 
will focus on a parametrization that will be convenient to state our results 
as well as for applications. We will assume that a primary description of an 
infinitely divisible processes X = {Xt)t>o is its 'spectral' representation of 
the form 



where \^ is a set, A is an independently scattered infinitely divisible random 
measure on Rx and : x K — )■ R is a measurable deterministic function 
(see Section [2] for details). If we further assume that (j){t, s,x) = whenever 
s > t, then X is adapted to the filtration = {J-'l^)t>o, where J^^ is the 
cr-algebra generated by A restricted to (— oo,t] x V. We characterize the 
semimartingale property of X with respect to F^, which, in the spirit, is 
similar to the above mentioned results of Strieker and Knight. However, in 
the non Gaussian case, our methods are completely different. We combine 
series representations of cadlag infinitely divisible processes with detailed 
analysis of their jumps, which is a novel approach as far as we know. This 
is possible because such series representations converge uniformly a.s. on 
compacts, as shown in Basse- O'Connor and Rosinski [71, Theorem 3.1]. 

Section [2] contains preliminary definitions and facts. Our main result. 
Theorem 13. ![ is stated and proved in Section [3l It gives the necessary and 
sufficient conditions for (X, F^) to be a semimartingale, together with an 
essentially unique explicit decomposition of X into infinitely divisible com- 
ponents. It completely answers the above question Ql and gives a framework 
how to approach question Q2 in concrete situations. In Section H] we obtain 
explicit necessary and sufficient conditions for a large class of stationary in- 
crement infinitely divisible processes to be semimartingales. These conditions 
generalize, in a natural way, findings in Basse and Pedersen Q. We conclude 
this paper with examples showing how these conditions can be verified for 
several processes of interest. 
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2 Preliminaries 



Throughout the paper {Q, J-", P) stands for a probabihty space and (V, V) 
denotes a countably generated measurable space. Consider a process X = 
{Xt)t>o of the form 



where 0: x — )■ R is a measurable deterministic function such that for 
every (s, f ) G R x V", s, v) is cadlag and A is an independently scattered 
infinitely divisible random measure on a a-ring of subsets of R x ^ such 
that 



for some countable ring Vo generating V. It follows that cr(^) = e^(R) (g) V. 
For example, A can be a Poisson random measure. In general, we assume 
that for every A G A{A) has an infinitely divisible distribution with the 
cumulant 



where m = (s, f ) G R x V^, 6: R x V — )■ R is a measurable function, k is a cr- 
finite measure on R x V", {pu}u&i{.xv is a measurable family of Levy measures 
on R, and 



is a truncation function. For example, if A is a Poisson random measure, 
then b{u) = 1, = 0, and p„ = 6i. The integral in (12. ip is defined 

as in Rajput and Rosihski [25]. Accordingly to (isl . Theorem 2.7], given a 
measurable deterministic function /, the integral J^^y f (u) A{du) exists if 
and only if 




(2.1) 



{[a,b]x B: [a, b] C R, B eVq} C MiR) V, 



logEe^^^(^) 





(2.3) 
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where 



B{x,u) = xb{u) + {[[xy]] - x[[y]]) pu{dy) and (2.4) 

JlR, 

K{x,u) = xV^(m) + / [[xyf pu{dy), x e R, u eRxV. 

The process X in (12. ip is infinitely divisible, i.e., all its finite dimensional 
distributions are infinitely divisible. 
We will further require that 

A({s} X B) = a.s. for every s G R, B e Vq. (2.5) 

This condition is equivalent to that k({s} x l^) = for every s G R. 

Let = (j;^) t>o be the augmented filtration generated by A, i.e. F 
is the least filtration satisfying the usual conditions of right-continuity and 
completeness such that 

(7(^A{A):Aey,AC{-oo,t]xV^CT^^, t > 0. 

Definition (semimartingale): Let F = {J^t)t>o be a filtration. An F-adapted 
process X = {Xt)t>o is a semimartingale with respect to F if it admits a 
decomposition 

Xt = Xo + At + Mt, t > 0, (2.6) 

where M = {Mt)t>o is a cadlag local martingale with respect to F, A = 
{At)t>o is an F-adapted process with cadlag paths of finite variation and Aq = 
Mq = 0. (Cadlag means right-continuous with left-hand limits.) Moreover, 
X is called a special semimartingale if, in addition, A in (12. 6p can be chosen 
predictable. In the later case, the decomposition (12. 6p is unique and is called 
the canonical decomposition of X and processes M and A are called the 
martingale and finite variation components, respectively. We refer to Jacod 
and Shiryaev [1^ and Protter [2^] for basic properties of semimartingales. 

For stochastic processes X = {Xt)t>Q and Y = {Yt)t^Q we will write X = 
Y when X and Y are indistinguishable, i.e., {u : Xt{u) ^ Yt{^) for some t > 
0} is a P-null set. For each cadlag function g: — )■ R let Ag{t) = 
\ims'^t,s<t{g{t) — 9{s)) denote the jump of (7 at t > and /S.g{Qi) = 0. 
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3 Infinitely divisible semimartingales 

The following is our main result. 

Theorem 3.1. Let X = (X()t>o be a process of the form 



Xt = (j){t,s,v) A{ds,dv), 

J{-oo,t]xV 

specified by (I2.ip - (l2.3p . and let B be given by (12. 4p . Assume that for every 
t > 

/ \B [(f){s, s, v), {s, v))\ K{ds,dv) < oo. (3.1) 

J{0,t]xV 

Then ^ is a semimartingale with respect to the filtration = {J^^)t>o if 
and only if 

Xt = X^ + Mt + At, t > 0, (3.2) 

where M = (Mf)f>o is a continuous in probability semimartingale with inde- 
pendent increments given by 



Mt= (f){s,s,v)A{ds,dv), t>0 (3.3) 

J{0,t]xV 

(i.e., the integral exists), and A = {At)t>Q is a predictable cddldg process of 
finite variation given by 



At= [(j){t,s,v) - (f){s+,s,v)]A{ds,dv). (3.4) 

J{~oo,t]xV 

Decomposition (13. 2 p is unique in the following sense: IfX. = Xq + M' + A' , 
where M' is a continuous in probability semimartingale with independent 
increments and A' is a predictable cddldg process of finite variation, then 
M' = Nl + g and A' = A — g for some continuous deterministic function g 
of finite variation, with M and A given by (13. 3p and (13. 4p . 

If ^ is a semimartingale, then it is a special semimartingale if and only 
z/E|M(| < oo for all t > 0; and in this case (Mj — E,Mt)t>o is a martingale 
and 

Xt = Xo + iMt-EMt) + {At + EMt), t>0 
is the canonical decomposition o/X. 
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Remark 3.2. Condition 03.1 p is always satisfied when A is symmetric. In- 
deed, in this case B = 0. 



Remark 3.3. Strieker's theorem [28| says that Gaussian semimartingales are 
those who admit a decomposition into a Gaussian martingale with indepen- 
dent increments and a predictable process of finite variation. Our theorem 
is an exact extension of this result to the infinitely divisible case. 

Remark 3.4. There is a slight inconsistency in the notations used in fll.lj] 
and (13. 2p . In (13. 2p M is a semimartingale with independent increments, 
which is a martingale when centered, in which case (II. ip and (13. 2 p coincide. 
However, if M does not have zero expectation, then further decomposition 
of M into a martingale and a process of finite variation is needed to obtain 
(II. ip . but this is standard, see e.g. [27, Theorem 19.2]. 

Example 3.5. Consider the setting in Theorem 13.11 and suppose that A is 
an a-stable random measure and a G (0,1). Then X is a semimartingale 
with respect to if and only if it is of finite variation. This follows by 
Theorem 13.11 because the process M given b y (|4.6D is of finite variation. 

Indeed, the Levy-Ito decomposition, see [27!, Theorem 19.3], yields that 
M = M + a, where a is a continuous deterministic function and process M is 
of finite variation, see |27l . Eq. (20.24)]. Moreover since M is a semimartin- 
gale, the function a is of finite variation, cf. [itI . Ch. II, Corollary 5.11], which 
implies that M is of finite variation. 



Proof of Theorem \3.1[ The sufficiency is obvious. To show the necessary 
part we need to show that a semimartingale X has a decomposition (13. 2p 
where the processes M and A have the stated properties. We will start 
by considering the case where A does not have a Gaussian component, i.e. 

^2=0. 

Case 1. A has no Gaussian component: We divide the proof into the 
following six steps. 

Step 1 : Let X° = Xt- Pit), with 

(3{t) = / B[(t){t,u),u) K{du). 
Ju 
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We will give the series representation for X'' that will be crucial for our 
considerations. To this end, define for s 7^ and -u G f/ = R x 



R{s, u) 



inf{x > : Pu(x, 00) < s} if s > 0, 

sup{x < : Pu{— 00, x) < —s} if s < 0. 



Choose a probability measure k on U equivalent to k, and let h{u) = 
\{dk/ dK){u). By an extension of our probability space if necessary, Rosinski 
|26| . Proposition 2 and Theorem 4.1, shows that there exists three indepen- 
dent sequences (rj)jgi<f; (Q)iGiN; and (Tj)jg]t<f, where Fj are partial sums of i.i.d. 
standard exponential random variables, are i.i.d. symmetric Bernoulli ran- 
dom variables, and Tj = {Tl^Tf) are i.i.d. random variables in U with the 
common distribution k, such that for every A G 

00 

A(A) = z/o(A) + ^[i?,U(T,) - a.s. (3.5) 

i=i 

where Rj = R{ejTjh(Tj), Tj), i'o{A) = h{u) K{du), and for j > 1 
iy,iA)= / E[[i?(eir/i(Ti),Ti)]]lA(Ti)dr. 

It follows by the same argument that 

00 

X^ = J2[Rj<Pit,T,)-a,{t)] a.s., 
i=i 

where 

aj{t)= / E[[i?(eir/i(Ti),Ti)0(t,Ti)]]cir. 
Step 2: We will show that for every i G N 

^X^ = Ri<\>{Tl ,T,) a.s. (3.6) 
Since X is cadlag, the series 

00 

XO = 5^[i?i0(t,Ti)-a,,(t)] 
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converges uniformly for t in compact intervals a.s., cf. Basse- O'Connor and 
Rosinski |0, Corollary 3.2]. Moreover, /3 is cadlag, see 0, Lemma 3.5], and 
by Lebesgue's dominated convergence theorem it follows that aj, for j G N, 
are cadlag as well. Therefore, with probability one, 

oo 

AXt = A/3{t) + J2 [RjM{t, Tj) - Aaj{t)] for all t > 0. 
i=i 

Hence, for every i G N almost surely 

oo oo 

AX^i = A/3(T/) + 5^ [R,A<p{Tl,T,)-Aa,{Tl)] = J2r,A<P{TI,T,) (3.7) 

3=1 i=i 

Indeed, by assumption (12.51) the distribution of T/ is continuous. Since /3 
may have only a countable number of discontinuities, with probability one 
T/ is a continuity point of f3. Hence A/3(T/) = a.s. Since (rj)jg]N are 
independent of T/, the argument used for /3 also yields Aaj(T/) = a.s. 
This proves fl3.7p . 

Furthermore, for i j we get 

F{AcP{Tl, Tj) ^0)= [ P(A0(7;i, T,) ^0\T^=u) K{du) 

Ju 

= I P(A0(7;\m) ^ 0) K{du) = 
Ju 

again because may have only countably many jumps and the distri- 

bution of T/ is continuous, li j = i then 

A0(7;\ T.) = lim [0(T/, T/, T^) - 0(r/ - h, T^^T^)] = 0(T/, T.) 

HO, /i>0 

as (f){t, s,v) = whenever t < s. This simplifies (13. 7p to (13. 6p . 

S'tej* 3: Next we will show that M, defined in (13.30 . is a well-defined 
cadlag process satisfying 

AM7.1 = AX-ri a.s. for all i E N. (3.8) 

Since any semimartingale has finite quadratic variation, we get with proba- 
bility one 

00 

oo>Y.{AX,Y> {AXr^Y = Y.[R^m',T.)]\o<Tl<t}, 

0<s<t 0<Tl<t i=l 
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where the last equation employs 03.61) . Put for t,r > and {e,s,v) G 
{-1,1} X R X 1/ 

H{t; r, (e, s, v)) = R{erh{s, v), {s, v))(l){s, s, v)l{o<s<t}- 

The above bound shows that for each t > 

oo 

J2\H{t;r„{e„Tl,Tm' <oo a.s. 

i=l 

That implies, by Rosinski (26l . Theorem 4.1], that the following limit is finite 

hm / E[[H{t;r,{e,,TlTmdr= / E[[H{t;r, (e.^TlT?))']] dr. 
"^°°Jo Jo 

Evaluating this limit we get 

POD 

oo> / E[[i?(eir/i(Ti),ri)0(7;\T,)l|o<T,i<t}f 

^0 

POO P 

= / E[[R{eirh{s,v),{s,v))(f){s,s,v)l{o<s<t}T K{ds,dv)dr 

Jo Jb.xV 
/»oo /• 

= 2/ / E[[R{eiu,{s,v))(f){s,s,v)l{o<s<t}T i^{ds,dv)du 

Jo JuxV 

[[x(f){s, s, v)l{o<s<t}T P(s,v) {dx)K{ds, dv) 
min{|x0(s, s, 1} p[s,v){dx)K{ds, dv). 



(0,t]xV JU 

Finiteness of this integral in conjunction with (13. ip yield the existence of the 
stochastic integral 



Mt = (f){s,s,v) A{ds,dv). 

J(0,t]xV 

The fact that M has independent increments is obvious since A is indepen- 
dently scattered, and its continuity in probability is a consequence of (12. Sp . 
We may choose a cadlag modification of M, cf. [271, Theorem 11.5]. Due to 
the independent increments, M is a semimartingale if and only if its shift 
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component (Ct)t>o is of finite variation, cf. [l?! . Ch. II, Corollary 5.11], which 
follows from f l3.ip and the fact that 

Ct= B[(f){s,s,v),{s,v)) K{ds,dv), t > 0, 

J{0,t]xV 

see liil . Theorem 2.7]. For t > we can write Mt as a series using the series 
representation (13.51) of A. It follows that 

oo 
i=l 

where ^ 

)]] dr. 

The assumption (12. 5p yields that ( and 7j are continuous. Moreover, by 
arguments as above we have AMrpi = Ri(p{Tl ,Ti) a.s. and hence by (13. 6p we 
obtain ([23]) • 

Step 4 '■ In the following we will show the existence of a sequence {Tk)k£¥i of 
totally inaccessible stopping times such that all local martingales Z = {Zt)t>o 
with respect to are purely discontinuous and with probability one 

{t > : AZt ^ 0} C {Tfc : G N} C {T^ : G N}. (3.9) 

To show the above choose a sequence {Bk)k>i of disjoint sets which generates 
Vo and for all A; G N let U'' = {U^ )t>o be given by 

= A{{0,t]xB,). 

Assumption (12. 5p implies that is a continuous in probability process with 
independent increments and has therefore a cadlag modification. Hence U = 
{{U^)kem '■ t G ]R+} is a continuous in probability cadlag R'^-valued process 
with no Gaussian component. Let E = \ {0}. Then E is a Blackwell 
space and fj, defined by 

/i(v4) = tl{t G R+ : (t, AUt) G A}, Ae ^(R+ X E) 

is a Poisson random measure on x E. Let u be the intensity measure of 
fj,. By assumption (12. 5p we have that x E) = for all t > 0, moreover, 

is the least filtration for which fi is an optional random measure. Thus 
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according to [17|, Ch. Ill, Theorem 1.14(b) and the remark after Ch. Ill, 
4.35, n has the martingale representation property, that is for all real-valued 
local martingales Z = {Zt)t>o with respect to there exists a predictable 
function (p from Q x R_(_ x E into R such that 

Zt = ^ * ifi - u)t, t>0 (3.10) 



(in (I3.10p the symbol * denotes integration with respect to /i — z/ as in jl7|). 
Thus by definition, see [17, Ch. II, Definition 1.27(b)], Z is a purely discon- 
tinuous local martingale and {AZt)t>Q = {(j){t, AUt)l{AUt^o})t>o, which shows 
that with probability one 

{t>0:AZt^O}C{t>0:AUt^ 0}. 

All real-valued continuous in probability cadlag processes Y = (Yt)t>o 
with independent increments is quasi-left continuous cf. [iTi . Ch. II, Corol- 
lary 5.12], and hence there exists a sequence of totally inaccessible stopping 



times that exhausts the jumps of Y, cf. [17|, Ch. I, Proposition 2.2]. Thus 
by a diagonal argument we may exhausts the jumps of U by a sequence of 
totally inaccessible stopping times {Tk)k£]M, that is 

{Tk-. k e¥l} = {t>0 : AUt^ 0}. 

Arguing as in Step 2 with (j){t,s,v) = l(o,t](s)lBj.(f ) shows that with proba- 
bility one 

oo 

AU^ = AC(t) + J2 [RA{t=T}}hTfeB,} - A7,(t)] for alH > 

where 

^(t) = / l{o<s<t}l{veBk}Ks,v) i^{ds,dv), 

JuxV 

7,-(t)= E[[Rie^rh{T^),n)l{rl<t}MTfeB,}ndr. 



By assumption (12. 5p . ^ and 7^ are continuous and hence with probability one 

00 

AU,^ = RA{t=Tl}MTfeB,} for all t > 0. 
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which shows that 

{rfc : A; G N} C {T^ : k e ¥i} a.s. 

and completes the proof of Step 4. 

Step 5: Fix r G N and let X' = {X[)t>o be given by 

X't = ^ ^Xsl{\AXs\>r}- 

s6(0,t] 

We will show that X' is a special semimartingale with martingale component 
M' = iMl)t>o given by 

M; = Mi - EMt where = - J] AM,l{|M.i>r}. (3.11) 

se{o,t] 

Recall that M is given by (13. 3p . To show above we note that X' is a special 
semimartingale since its jumps are bounded by r in absolute value; denote 
by W and N the finite variation and martingale compnents, respectively, in 
the canonical decomposition X' = Xq + W + N of X'. That is, we want to 
show that N = M'. Process M', given by (13. lip , is obviously a martingale 
and by (13. 8p we have for all i G N 

AM^i = AMril{|AA/^i|<r} = AXril||Ax^,i<.} = AX^i a.s. (3.12) 

Since W is predictable and is a totally inaccessible stopping time we have 
that AWr^ = a.s. cf. [17, Ch. I, Proposition 2.24] and hence 

AiV,, = AX; - AW^,, = AX; = am; a.s. (3.13) 

the last equality follows by (I3.12p and the second inclusion in (13. 9p . Since 
N and M' are local martingales they are in fact purely discontinuous local 
martingale, cf. Step 3, and with probability one 

{t>0: ANt 7^ 0} C {Tfe : G N}, {t > : AM[ ^ 0} C {r^ : A; G N}. 

According to (I3.13P this shows that (AX()(>o = (AMj')t>o, and we conclude 
that N = M' since N and M' are purely discontinuous local martingales, see 
(itI Ch. I, Corollary 4.19]. This completes Step 4. 
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Step 6: We will show that A, given by fl3.4p . is a predictable cadlag 
process of finite variation. By linearity, A is a well-defined cadlag process. 
According to Step 5 the process W := X' — Xq — M' is predictable and has 
cadlag paths of finite variation. Thus with V = {Vt)t>o given by 

s€{0,t] se(0,t] 

we have by the definitions of W and V that 

A = Xt-Xo-Mt = Wt + Vt- EMf (3.14) 

This shows that A has cadlag sample paths of finite variation. Next we will 
show that A is predictable. Since the processes W, V and M depend on 
the truncation level r they will be denoted W, V^' and M*^' in the following. 
As r — )■ oo, V^{u) — )■ point wise in {u,t), which by fl3.14p shows that 
W[{uj) — EMJ -> At{uj) point wise in {uj,t) as r — )■ oo. For all r G N, 
{W[ — ]EM[)t>o is a predictable process, which implies that A is a point 
wise limit of predictable processes and hence predictable. This completes 
the proof of Step 6. 

Case 2. A is Gaussian: Assume that A is a symmetric Gaussian random 
measure. By Basse (2], Theorem 4.6] used on Ct = (—00, t] x V, X is a special 
semimartingale in with martingale component M = {Mt)t>Q given by 

Mt= (j){s,s,v) A{ds,dv), t > 0, 

J{0,t]xV 

see (21, Equation (4.11)], which completes the proof in the Gaussian case. 

Case 3. A is general: Let us observe that it is enough to show the 
theorem in the above two cases. We may decompose A as A = A^ + Ap, 
where A^Ap are independent, independently scattered random measures. 
Ag is a symmetric Gaussian random measure characterized by (12. 2p with 
6 = and n = while Ap is given by (12.21) with cr^ = 0. Observe that 

which can be deduced from the Levy-Ito decomposition used processes Y = 
iYt)t>o of the form Yt = A((0, t] x B) where B G Vq. We have X = X^ + X^, 
where X*^ and X^ are defined by (12. ip with Aq and Ap in the place of 



14 



A, respectively. Since (A,X) and (Ap — AcX'^ — X*^) have the same 
distributions, the process X^ - X« is a semimartingale with respect to 
]pAp-AG ^ ]pAp v ]p-AG = ipA^ Consequently, processes X<^ and X^ are semi- 
martingales with respect to F^, and so, they are semimartingales relative to 
F^'^ and F^^ , respectively, and the general result follows from the above two 
cases. 

The uniqueness part: Assume that X has a representation of the form 
X = Xq + M' + A' where M' is a continuous in probability semimartingale 
with independent increments and A' is a cadlag predictable process of finite 
variation. With M and A given by (13. 3p and (13. 4p we need to show that 
process Y, defined by 

Y = M-M' = A'- A, (3.15) 

is a continuous deterministic function of finite variation. The first equality in 
( I3.15P shows that Y is quasi- left continuous, cf. (itI . Ch. II, Corollary 4.18], 
and the second equality shows that Y is predictable, which together implies 
that Y is continuous, use (itI . Ch. I, Proposition 2. 24+ Definition 2.25]. By 
the Levy-Ito decompositions of M and M' it follows that Y = U + / where 
U is a continuous martingale and / is a continuous deterministic function 
of finite variation; that / is of finite variation follows by [17, Ch. II, Corol- 
lary 5.11]. Since Y is of finite variation we deduce that U = 0, that is, 
Y = /. This completes the proof of the uniqueness. 

The special semimartingale part: To prove the part concerning the special 
semimartingale property of X we note that the process A in (13 ■4p is a special 
semimartingale since it is predictable and of finite variation. Thus X is a 
special semimartingale if and only if M is special semimartingale. Due to 
its independent increments, M is a special semimartingale if and only if 
E\Mt\ < oo for all t > 0, cf. (l7[ Ch. II, Proposition 2.29(a)], and in that 
case Mt = {Mt — EM^) + EM^ is the canonical decomposition of M. This 
completes the proof. □ 



Remark 3.6. We conclude this section by recalling that the proof of any 
of the results on Gaussian semimartingales X mentioned in the Introduction 
relies on the approximations of the finite variation component A by discrete 
time Doob-Meyer decompositions A" = {A'^)t>o given by 

= ^E[Xj2-" — -^(i-l)2-"|-^(j-l)2-"], t >0 

1=1 
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and showing that the convergence hm„ = At holds in an appropriate 
sense, see |23|. This technique does not seem effective in the non-Gaussian 
situation since it rehes on strong integrabihty properties of functionals of X. 

4 Some stationary increment semimartingales 

In this section we consider infinitely divisible processes which are stationary 
increment mixed moving averages (SIMM A). Specifically, a process X = 
{Xt)t>o is called a SIMMA process if it can be written in the form 

Xt= f [f{t-s,v)-M-s,v)]A{ds,dv), t>0, (4.1) 

JuxV 

where the functions / and /o are deterministic measurable such that f{s, v) = 
fo{s,v) = whenever s < 0, and f{-,v) is cadlag for all v. A is an indepen- 
dently scattered infinitely divisible random measure that is invariant under 
translations over R. If is a one-point space (or simply, there is no v- 
component in fl4.ip ) and /o = 0, then fl4.1|) d efines a moving average (a 
mixed moving average for a general V, cf. |29|). If is a one-point space 
and fo{x) = f{x) = for some a G R, then X is a fractional Levy process. 

The finite variation property of SIMMA processes was investigated in 
Basse-0' Connor and Rosihski [6iJ and these results, together with Theorem 
I3.lt are crucial in our description of SIMMA semimartingales. 

The random measure A in (14. ip is as in (12. 2 p but the functions b and o"^ 
do not depend on s and the measure k is a product measure: K{ds, dv) = 
dsm{dv) for some cr-finite measure m on V. In this case, for A E ^ and 

logEe*^^(^) (4.2) 
= / (ieb{v) - le^a^iv) + [ [e'^'' - 1 - %ulx\) p^[dx)\ dsm{dv). 

The function B in (12. 4p is independent of s, so that with i?(x, v) = B{x, (s, v)) 
we have 

B{x, v) = xb{v) + [ ([[xy]] - x[[yf) Pv{dy), xER, v E V. (4.3) 

Notice that A satisfies (12. 5p since K,{ds,dv) = dsm{dv). 

The SIMMA process ( 14. ip is a special case of ( 12. ip if we take 0(t, s, v) = 
f{t — s,v) — fo{—s,v). Therefore, from Theorem 13.11 we obtain: 
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Theorem 4.1. Let X = {Xt)t>o be of the form 

Xt= I [f{t-s,v)- f^{-s,v)]K{ds,dv), t>0, 
specified by (I4.ip - (l4.2p . and let B be given by ( 14. 3p . Assume that 

\B{f {0, v), v)\m{dv) < oo. (4.4) 

Jv 

Then X zs a semimartingale with respect to the filtration = (J-'/^)t>o if 
and only if 

Xt = Xo + Mt + At, t > 0, (4.5) 
where M = {Mt)t>o is a Levy process given by 



Mt= / f{0,v)A{ds,dv), t>0, (4.6) 

(i.e., the integral exists), and A = {At)t>Q is a predictable process of finite 
variation given by 

At= I [g{t-s,v)-g{~s,v)]A{ds,dv) (4.7) 

JuxV 

where g{s,v) = fis,v) - f{0,v)l{s>o}- 

Now we will give specific and closely related necessary and sufficient con- 
ditions on / and A that make X a semimartingale. 

Theorem 4.2 (Sufficiency). Let X = {Xt)t>o be specified by iKT\i - iK^ . 
Suppose that (14. 4p is satisfied and that for m- a. e. v & V, f{-,v) is absolutely 
continuous on [0, oo) with a derivative f{s,v) = ■^f{s,v) satisfying 

{\f{s,v)\^(T\v)) dsm{dv) < oo, (4.8) 

{\xf{s, v) I A \xf{s, f )p) pv{dx) ds m{dv) < oo. (4.9) 

Then ^ is a semimartingale with respect to 
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Proof. We need to verify the conditions of Theorem 14.11 We see that for 
m-a.e. v g{-,v) is absolutely continuous on R with derivative g{s,v) = 
f{s,v) for s > and g{s,v) = for s < 0. By Jensen's inequahty, for each 
fixed t > 0, the function 

{s,v) ^ g{t - s,v) - g{-s,v) = / g{u-s,v)du, 

Jo 

when substituted for f{s, v) in fl4.8p - fl4.9p . satisfies these conditions. Indeed, 
it is straightforward to verify (14. 8 1) . To verify (14.91) we use the fact that 
ip : u ^ 2 Jq^\v a 1) dv is convex and satisfies ip{u) < \ux\ A < 2%Ij{u). 
In particular, (s, v) h- >■ g{t — s,v) — g{—s, v) satisfies (jH]) of the Introduction, 
and so does the function 

(s, v) ^ /(O, w)l(o,t](s) = g{t - s,v)- g{-s, v) - [f{t - s,v) - /(-s, v)]. 

This fact together with assumption (14. 4p guarantee that M of Theorem 14.11 
is well-defined. Then A is well-defined by (14. 5p . The process A is of finite 
variation by [6, Theorem 3.1] because g{-,v) is absolutely continuous on R 
and g{-,v) = f {-,v) satisfies (M-M. □ 

Theorem 4.3 (Necessity). Suppose that X. is a semimartingale with respect 
to ¥^ and for m-almost every v & V we have either 

1 

\x\ p^{dx) = oo or cr^(t>) > 0. (4-10) 

-1 

Then for m-a.e. v, f{-,v) is absolutely continuous on [0, oo) with a derivative 
f{-,v) satisfying (14. 8 p and 



oo 



[\xf{s,v)\A\xf{s,v)\'^){lAx py{dx) ds < oo. (4.11) 

'0 Jtr, 
If, additionally, 

u f, ,^ \x\ Pvidx) 
limsup ^ — < oo m-a.e. (4-1/) 

u->oo i\x\<u'^ Pv[dX) 

then for m-a.e. v, 

{\xf{s,v)\'^ A \xf{s,v)\) p^{dx) ds < oo. (4.13) 



JTR. 
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Finally, if 



sup sup —p — — — < oo (4.14) 

vev u>o j, .|<„x^p^(dx) 



then f satisfies I KE\i - IK^ . 

Proof. Assume that X is a semimartingale with respect to F"^. By a sym- 
metrization argument we may assume that A is a symmetric random measure. 
Indeed, let A' be an independent copy of A and X' be defined by (14. ip with 
A replaced by A'. Then X' is a semimartingale with respect to F^ . By the 
independence, both X and X' are semimartingales with respect to F^ V F^ 
and since 

pA-A' c F^ V F^', the process X — X' is a semimartingale with 
respect to F^^^ . This shows that we may assume that A is symmetric. Then 
holds since B = 0. 

By Theorem 14.11 process A in (14. 7p is of finite variation. It follows from 
6|, Theorem 3.3] that for m-a.e. v, g{-,v) is absolutely continuous on R with 
a derivative g{-,v) satisfying (14. 8 p and (14. lip . Furthermore g satisfies (I4.13P 
under assumption (14.12p . and under assumption (14.14p . g satisfies (14. 9p . Since 
f{s,v) = g{s,v) + /(O, i;)l{s>o}, f{-,v) is absolutely continuous on [0, oo) 
with a derivative /(-, v) = g{-, v) for m-a.e. v satisfying the conditions of the 
theorem. □ 

Remark 4.4. Theorem 14. 31 becomes an exact converse to Theorem 14.21 when 
(I4.10p holds and either (I4.12p holds and V is a finite set, or (I4.14p holds. 

Remark 4.5. Condition (I4.10p is in general necessary to deduce that / has 
absolutely continuous sections. Indeed, let \^ be a one point space so that A 
is generated by increments of a Levy process denoted again by A. If (I4.10p 
is not satisfied, then taking / = l[o,i] we get that Xf = At — At_i is of finite 
variation and hence a semimartingale, but / is not continuous on [0, oo). 

Next we will consider several consequences of Theorems I4.2H4.3I When 
there is no i;-component, (14. 4 p is always satisfied and A is generated by 
a two-sided Levy process. In what follows, Z = (Zt)tg]R will denote a non- 
deterministic two-sided Levy process, with characteristic triplet (6, cr^, p) and 
Zq = 0. F^ will denote the least filtration satisfying the usual conditions such 
that a{Zu : u G (-oo, t]) C for all t > 0. 

The following proposition characterizes fractional Levy processes which 
are semimartingales, and completes results of js]. Corollary 5.4] and parts of 
jo]. Theorem 1]. 
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Proposition 4.6 (Fractional Levy processes). Let 7 > 0, x+ := max{x, 0} 
for X G IR,, Z be a Levy process as above, and X. be a fractional Levy process 
defined by 

Xt= f {{t-s)l-{-s)l]dZs (4.15) 
J —00 

where the stochastic integrals exist. Then X is a semimartingale with respect 
to if and only if = 0, -y E (0, |) and 

\x\~ p{dx) < 00. (4.16) 



Proof. First we notice tliat, as a consequence of X being well-defined, 7 < ^ 
and 

p{dx) < 00. (4.17) 

x\>l 

Indeed, since the stochastic integral fl4.15p is well-defined, (25! . Theorem 2.7] 
shows that 

{lA\{{t-sy -{-s)l}x\'^) p{dx)ds< 00, t>0. (4.18) 

00 Jtr. 

This implies that 7 < | if p(IR) > 0. A similar argument shows that 7 < ^ if 
cr^ > 0, and thus, by the non-deterministic assumption on Z, we have shown 
that 7 < |. Puttingt = 1 in f l4.18p and using the estimate |(1— g)'^ — (— s)"] | > 
17(1 — s)"^""^! for s G (—00,0] we get 



00 




TR.J1 



00 > / / (1 A|7(l-s)^-^xp)p(rfx)rfs 
(1 A |7s^"^xp) dsp{dx) 

J ds p{dx) > / (|7x| 1^ — 1) p((ix). 
This shows (HTTl) . 

Suppose that X is a semimartingale. If cr^ > 0, then according to Theo- 
rem |l]3l / is absolutely continuous on [0, 00) with a derivative / satisfying 




\f{t)\'dt= / 7¥(^-i)dt< 



00 
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which is a contradiction and shows that o"^ = 0. By the non-deterministic 
assumption on Z we have p(]R) > 0. To complete the proof of the necessity 
part, it remains to show that 

/ \x\^ p{dx) < oo. (4.19) 

J\x\<l 

Since f{t) = 'jr'"^ for t > 0, we have 

/ {\xf{t)\A\xf{t)\'}dt = C\x\— (4.20) 
Jo 

where C = (7"^ + (1 — 27)^^). In the case J.,^-^\x\p{dx) < 00 fl4.19p 



holds since 1 < Thus we may assume that J|^.|<i|a^| p{dx) = 00, that is, 
flTOj) of Theorem lU is satisfied. By Theorem [O] (^n]) and flCTj) we have 



|x| p(c?x) < / |a;|i-T(lAx ) p{dx) < 00 

\x\<l JwL 

which completes the proof of the necessity part. 

On the other hand, suppose that o"^ = 0, 7 G (0, |) and f l4.16p is satisfied. 
By (I4.16P and fl4.20p . / is absolutely continuous on [0, 00) with a derivative 
/ satisfying (14. 9 p and hence X is a semimartingale with respect to F^, cf. 
Theorem K2i □ 



Below we will recall the conditions from \d\ under which (I4.12p or ( I4.14p 
hold. Recall that a measure /x on R is said to be regularly varying if x ^ 
p{[—x,xY) is a regularly varying function; see 
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Proposition 4.7 ([6, Proposition 3.5]). Condition (I4.12p is satisfied when 
one of the following two conditions holds for m-almost every v &V 

(^) !\x\>i^'^ P^^'^^) < 00 or 

(a) pv is regularly varying at 00 with index (5 G [—2, —1). 

Suppose that Pv = p for all v, where p satisfies (I4.12p and is regularly varying 
with index f3 G (-2, -1) at 0. Then (Oij) holds. 

Theorems I4.2H4.3I and Proposition 14.71 gives the following: 
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Corollary 4.8. Suppose that Z = (^JtgiR is a two-sided Levy process as 
above, with paths of infinite variation on compact intervals. Let X = {Xt)t>Q 
be a process of the form 



Xt= [ {fit-s)-fo{-s)}dZ, 

J — oo 



Suppose that the random variable Zi is either square-integrable or has a reg- 
ularly varying distribution at oo of index /3 G [—2, —1). Then X. is a semi- 
martingale with respect to if and only if f is absolutely continuous on 
[0, oo) with a derivative f satisfying 

\f{t)\'^dt <oo ifa^>0, 

{\xf{t) I A \xf{t) |2) p{dx) dt < oo. (4.21) 







JU 

Proof Corollary \4.S\ The conditions imposed on Zi are equivalent to that p 
statisfies @ or 1^ of Proposition 14. 7[ respectively, cf. |l4j . Theorem 1] and 
Theorem 25.3]. Moreover, fl4.10p of Theorem 14.31 is equivalent to that 
Z has sample paths of infinite variation on compacs and hence the result 
follows by Theorems I4.2H4.3I □ 

Example 4.9. In following we will consider X and Z given as in Corollary 14. 8 1 
where Z is either a stable or a tempered stable Levy process. 

(i) Stable: Assume that Z is a symmetric a-stable Levy process with 
index a G (1,2), that is, p{dx) = c|x|~"~^(ix where c > 0, and = b = 0. 
Then X is a semimartingale with respect to if and only if / is absolutely 
continuous on [0, oo) with a derivative / satisfying 

POO 

/ |/(t)|"rft < oo. (4.22) 
Jo 

We use Corollary 14.81 to show the above. Note that J^^^^-^\x\ p{dx) = oo and 
p is regularly varying at oo of index —a G (—2, —1). Moreover, the identity 

/ {\xy\A\xy\^)p{dx) = C\y\'', y e R, (4.23) 

with C = 2c((2 - a)-^ + {a- 1)"^), shows that i Kllh is equivalent to (14221) . 
Thus the result follows by Corollary 14.81 
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(ii) Tempered stable: Suppose that Z is a symmetric tempered stable 
Levy process with indexs a G [1, 2) and A > 0, i.e., p{dx) = c|x|~"~^e~'^'^' dx 
where c > 0, and = b = 0. Then X is a semimartingale with respect to 

if and only if / is absolutely continuous on [0, oo) with a derivative / 
satisfying 

{\f{trA\f{t)\')ds<oo. (4.24) 





Again we will use Corollary 14. 81 The conditions imposed on Z in Corollary 14. 81 
are satisfied due to the fact that i|^.|<i|a;| p{dx) = oo and J^^^^-^\x\'^ p{dx) < oo. 
Moreover, using the asymptotics of the incomplete gamma functions we have 
that 

(Ixul A Ixur) pidx) ~ < ' (4.25) 
K^' ' ' ^ " ^ ' \C2u' as n^O ^ ' 

where Ci, C2 > are finite constants depending only on a, c and A, and we 
write f{u) ~ g{u) as m — )■ 00 (resp. u — )■ 0) when f{u)/g{u) — )■ 1 as u — )■ 00 
(resp. M — )■ 0). Eq. fl4.25p shows that fl4.2ip is equivalent to fl4.24p . and hence 
the result follows by Corollary | 



Example 4.10 (Multi-stable). In this example we extend Example 14. 9( i) to 
the so called multi-stable processes, that is, we will consider X given by fl4.ll) 
with 

p^{dx) = c{v)\x\-''^''^-Ux 

where a: V — )■ (0,2) and c: V ^ (0, 00) are measurable functions, and 
b = a'^ = 0. For v E V, p^ is the Levy measure of a symmetric stable 
distribution with index a{v). Assume that there exists an r > 1 such that 
a{v) > r for all v E V. Then X is a semimartingale with respect to 
if and only if for m-a.e. v, f{-,v) is absolutely continuous on [0, 00) with a 
derivative f{-,v) satisfying 

[ r(7r^^l/(^,^)r^''0^^"^(rf^)<°°- (4-26) 
JvJo V2-a(f) / 

To show the above we will argue similarly as in Example 14.91 By the 
symmetry, (14. 4p is satisfied. For all v E V, J|^|<;^|a^| Pv{dx) = 00, which shows 
that fl4.10p of Theorem 14.31 is satisfied. By basic calculus we have for v E V 
that 

u / \x\ pv{dx) = K (v) / x^ py{dx) (4.27) 

J \x\>u J \x\<u 
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where K{v) = (2 — a{v))/{a{v) — 1). Since a{v) > r we have that K{v) < 
2/(r - 1) < oo which together with (I4.27P imphes (I4.14p . From (I4.23P we 
infer that (14 .Qp is equivalent to (I4.26P , and thus Theorems I4.2H4.3I conclude 
the proof. 



Example 4.11 (supFLP). Consider X = {Xt)t>Q of the form 

\7(f) ( 



Xt = {{t- - i-s)T) Hds, dv), (4.28) 

JjELxV 

where 7: V — (0, 00) is a measurable function. Processes of the form f l4.28p 
may be viewed as superpositions of fractional Levy processes with (possible) 
different indexes; hence the name supFLP. If m-almost everywhere 7 G (0, |), 
(T^ = and 

x\T^^ p^{dx)j (i - 'yiv))'^ ■m{dv) < 00, (4.29) 

then X is a semimartingale with respect to F^. Conversely, if X is a semi- 
martingale with respect to F'^ and ^^^^^^^x\py{dx) = 00 for m-a.e. v, then 

m-a.e. 7 G (0, |), = and 

\x\T=k^ p^(dx) < 00, (4.30) 



and if in addition p satisfies fl4.14p . then f l4.29p holds. 

To show the above let f{t,v) = tl^"^ ior t eR,v e V. Since /(0,w) = 
for all f, (14. 4p is satisfied. As in Example 14.61 we observe that the conditions 



1 

py{dx) < 00 and 7(t>) < ^ m-a.e. (4-31) 



x\>l 



follow from the fact that X is a well-defined. For 7(f) G (0, |), f{-,v) is 
absolutely continuous on [0, 00). By (I4.20p we deduce that 

1 _ 1 

^— -</ {\xf{t,v)\A\xf{t,v)\'}dt<i^-- (4.32) 

for all X G R, where c, c > are finite constants not depending v and x. 
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By Theorem 14.21 and fl4.32p . the sufficient part follows. To show the 
necessary part assume that X is a semimartingale with respect to F"^ and 
that J^^^^-^\x\ pv{dx) = oo for m-a.e. v. By Theorem 14. 3[ f{-,v) is absolutely 

continuous with a derivative f{-,v) satisfying (14. 8 P and (14. lip . From (14. 8 P 
we deduce that cr^ = m-a.e. and from (14. lip and (I4.32p we infer that 

/ |x| i-^f") p^{dx) < oo m-a.e. V. (4.33) 

J\x\<l 

By fOT]) -f H:33|) . condition ( OOj) follows. Moreover, if p satisfies (gUD, then 
Theorem 14.31 together with (I4.32p show (I4.29p . This completes the proof. 
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